Multidimensional Brownian local times in the Malliavin calculus (6th Workshop on Stochastic Numerics) by Takanobu, Satoshi
Title Multidimensional Brownian local times in the Malliavincalculus (6th Workshop on Stochastic Numerics)
Author(s)Takanobu, Satoshi




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
Multidimensional Brownian local times
in the Malliavin calculus
(Satoshi Takanobu)
(Graduate School of Natural Science and Technology,
Kanazawa University)
1.
$(W, P)$ $r$ Wiener $(r\geq 2)$ . , :
. $T>0,$ $x\in \mathbb{R}^{r}\backslash \{0\}$ , $L_{T}^{X}$ $”=$ ” $\int_{0}^{l}\delta$X $(w_{s})ds$
Wiener $\mathfrak{D}_{p}^{-}$“ ?
, Imkeller-Weisz ([1]) :
. $X\in \mathbb{R}^{r}\backslash \{0\},$ $T$ >0 . $\alpha>r/2-1$
$\lim_{\epsilon,\epsilon\downarrow 0},||\int_{0}^{T}p^{(r)}(\epsilon, x-w_{s})ds-\int_{0}^{T}p^{(r)}(\epsilon’, x-w_{s})ds||_{2,-\alpha}=0$.
$L_{T}^{X}:= \lim_{\epsilon\downarrow 0}\int_{0}^{T}p^{(r)}(\epsilon, x-w_{s})ds$ in $\mathrm{J}\mathrm{J}\mathrm{i}’$ ,
$L_{T}^{x} \in \mathfrak{D}_{2}^{-\alpha}(\alpha>\frac{r}{2}-1)$ . , , .
, It\^o-Wiener .
ener $\mathfrak{D}_{p}^{-\alpha}$ $\text{ }b$ . ([41, [51)
:
Fact. $F$ : $Warrow \mathbb{R}^{r}$ Malliavin regular , Donsker $\delta$- $\delta_{X}(F)$
$\delta_{X}(F)\in \mathfrak{D}_{p}^{-}$
“ if $\alpha>$. $r$ .
$F$ 1 Wiener chaos
$\delta_{X}(F)\in$ 2? $p-\alpha$ if and only if $\alpha>r(1$ - $\frac{1}{p}$).
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$F(w)=w_{s}(s>0)$ regular 1 Wiener chaos
$\delta_{X}(w_{s})\in \mathfrak{D}_{p}^{-\alpha},\Leftrightarrow\alpha>r(l^{\backslash }\backslash +1-\frac{1}{p})$ . (1)
$L_{T}^{X}$
$L_{T}^{X}= \int_{0}^{T}’\delta_{x}(w_{s})ds$
. $\delta_{X}(w_{s})$ (1) , , $s$
$L_{T}^{x}$ , , ,
.
:
Theorem. $T>0,$ $x\in \mathbb{R}^{r}\backslash \{0\}$ .








(iii) $p\in \mathrm{N}\cap[2, \infty)$ , $r\geq 3$
$L_{T}^{X}\in \mathfrak{D}_{p}^{-\alpha},\Leftrightarrow z+\alpha>$ $(1- \frac{1}{p})$(r-2).
(iv) $p\in(2, \infty)$ , $r\geq 3$
$L_{T}^{X}\not\in \mathfrak{D}_{p}^{-\alpha}$ , $\forall_{\alpha<}(1-\frac{1}{p})(r-2)$ .
,
$\leq p<\infty,$ $\alpha$ \succ 0 , $L_{T}^{X}\in \mathfrak{D}_{p}^{-\alpha},\Leftrightarrow z\backslash +$ \mbox{\boldmath $\alpha$}\succ (l---pl)(r-2)
. , Theorem
. , $”\Rightarrow$ ” , :
$\bullet$ $p\in[1,2)$ , open ,
$\bullet$ $p\in[2, \infty)\backslash \mathrm{N},$ $r$ \geq 3 , $\alpha>(1-\frac{1}{p})(r-2)$
$\overline{\uparrow}$
$\check{\mathrm{t}_{-\llcorner}}^{\vee}$






1. $T>0$ . $\beta>0,$ $\epsilon$ >0, $x\in \mathbb{R}^{r}$
$(I-L)^{-\beta} \int_{0}^{T}p^{(r)}(\epsilon, x-w_{s})ds$






$e^{-t}t^{\beta-1}dt \int_{\mathbb{R}^{r}}p^{(r)}(\epsilon, e^{-t}w_{s}+\sqrt{1-e^{-2t}}y-x)p^{(r)}(s, y)dy$
$= \int_{0}^{T}ds\frac{1}{\Gamma(\beta)}\int_{0}^{\infty}e^{-t}t^{\beta-1}dt\int_{\mathbb{R}^{r}}(\frac{1}{1-e^{-2t}})^{r/2}p^{(r)}(_{1-e^{-}}^{\epsilon}\neg, , \frac{x-e^{-\ell}w}{\sqrt{1-e^{-t}}}-y)p^{(r)}(s, y)dy$
$= \int_{0}^{T}ds\frac{1}{\Gamma(\beta)}\int_{0}^{\infty}e^{-t}t^{\beta-1}(\frac{1}{1-e^{-2t}})^{r/2}p^{(r)}(_{1-e^{-t}}^{\epsilon}\neg+s, \frac{x-e^{-l}w}{\sqrt{1-e^{-t}}})$ dt
$=$ . $\blacksquare$
2. $T>0$ . $\beta>0,$ $\delta$ l, $\delta_{2}\geq 0,$ $x\in \mathbb{R}^{r}$
$E[($$\int_{0}^{T}ds\frac{1}{\Gamma(\beta)}\int_{0}^{\infty}e$-t $t^{\beta-1}p^{(r)}(\delta_{1}+s(1-e^{-2t}), x-e^{-t}w_{s})dt)$
$( \int_{0}^{T}ds\frac{1}{\Gamma(\beta)}\int_{0}^{\infty}e^{-t}t^{\beta-1}p^{(r)}(\delta_{2}+s(1-e^{-2t}), x-e^{-t}w_{s})dt)]$
$= \int_{0}^{T}sds\int_{0}^{1}d\sigma\frac{1}{\Gamma(2\beta)}\int_{0}^{\infty}e^{-v}v$2$\beta-1dv(\frac{1}{2\pi})^{r}\Phi\delta_{1}\delta_{2}(s, \sigma, vjX)$ .
4$\Phi_{\delta}$
1










$+$ E[p(r)($\delta_{1}+$ s’(1-e-2$t’$ ), $x-e^{-t’}w_{s’})p^{(\Gamma)}(\delta_{2}+s(1-e^{-2t}),x-e^{-t}w_{S})$ ] $)$
$=:(*)$ .
$0<s’<s<\infty,$ $\eta$ , $\eta’\geq 0$
$E$ [$p^{(r)}$ ($\eta’+$ s’(1-e-2$t’$ ), $x-e^{-t’}w_{s’}$ ) $p^{(r)}(\eta+s(1-e^{-2t}),$ $x-e^{-t}w_{s})$ ]
$= \int_{\mathbb{R}^{r}}\int_{\mathbb{R}^{r}}p^{(r)}(\eta’+s’(1 -e^{-}2t’), x-e^{-t}’ u’)p^{(r)}(\eta+s(1-e^{-2t}), x-e^{-t}u)$
$\mathrm{x}p^{(r)}(s’, u’)p^{(r)}(s-s’, u-u’)dudu’$
$= \int_{\mathbb{R}^{r}}p^{(r)}$ ($\eta’+$ s’(1-e-2$t’$ ), $x-e^{-t’}$u’)$p^{(r)}(s’, u’)du’$
$\mathrm{x}\int_{\mathbb{R}^{r}}p^{(r)}(\eta+s(1-e^{-2t}), x-e^{-t}u)p^{(r)}(s-s’, u-u’)du$
$=\sim \mathbb{R}^{r}p^{(r)}$ $(\eta’+s’(" -2t’), x-e^{-t}’ u’)p^{(r)}(s’, u’)du’(e^{2t})^{r/2}$
$\mathrm{x}\int_{\mathbb{R}^{r}}p^{(r)}(e^{2t}\eta+s(e^{2t}-1), e^{t}x-u)p^{(r)}(s-s’, u-u’)du$
$=(e^{2t})^{r/2} \int_{\mathbb{R}^{r}}p^{(r)}$ ($\eta’+$ s’(1-e-2$t’$ ), $x-e^{-t}’ u^{J}$) $p^{(r)}(s’, u’)$
$\mathrm{x}p^{(r)}(e"\eta+se^{2t}-s’, e^{t}x-u’)du’$




$p^{(r)}(A, ax-u’)p$ (r) $(B, u’)p^{(r)}(C, bx-u’)du’$
[ $A=e^{2t}’\eta’+s’(e^{2t}’-1),$ $B$ =s’, $C=e^{2t}\eta+se^{2t}-s’,$ $a$ =et’, $b=e^{t}]$
$=(e^{2tr/22t’r/2})(e)( \frac{1}{2\pi A})^{r/2}(\frac{1}{2\pi B})^{r/2}(\frac{1}{2\pi C})^{r/2}\int_{\mathbb{R}^{r}}\mathrm{e}\mathrm{x}^{\mathrm{p}\{}-\frac{|ax-u’|^{2}}{2A}-^{u}2\llcorner’|^{2}B$ $\frac{|bx-u2}{2C},\}du’$
$\mathrm{x}\int_{\mathbb{R}^{r}}\exp\{-\frac{BC+CA+AB}{2ABC}|u’-$
$\text{ }$





$t=u,$ $t$ $+t’=v$ , $s’=s\sigma$
$(**)= \int_{0}^{T}ds\int_{0}^{s}ds’\frac{1}{\Gamma(2\beta)}\int_{0}^{\infty}e^{-v}v^{2\rho-1}dv(_{T^{1}\pi})^{r}$





$\Phi$ (s, $\sigma$, $v;x$ ) $:=$ $\mathrm{s}\mathrm{u}\mathrm{p}$ $\Phi_{\delta_{1}\delta_{2}}(s, \sigma, v;x)$
$(\delta_{1},\delta_{2})\in[0,1]^{2}$ ;
$\delta$ 1 $\delta 2=$0or $\delta 1=2$
$\mathrm{r}$
T $>0,$ $\forall\beta>\frac{1}{2}(\frac{r}{2}- 1)$ , $\forall_{\chi}\in \mathbb{R}^{r}\backslash \{0\}$
$\int_{0}^{T}sds\int_{0}^{1}d\sigma\int_{0}^{\infty}e^{-v}v^{2^{\beta}-1}\Phi(s, \sigma, v;x)dv<\infty$ .
$X\in \mathbb{R}^{r}\backslash \{0\}$ . $0<\epsilon<1,0<\eta<1$ . $(s, \sigma, v)$
Case 1 $(0, T)$ $\mathrm{x}(0,1-\epsilon)\mathrm{x}(0, \infty)$ ,
Case 2 $(0, T)\cross[1-\epsilon, 1)\cross(\eta,\infty)$ ,
Case 3 $(0, T)$ $\mathrm{x}[1-\epsilon, 1)\mathrm{x}(0, \eta]$
3 .
Case 1.
$\delta 1+\delta 2+s$ $+\sigma$s-2e$-v\sigma s\geq\delta$ l $+\delta 2+s$ $+\sigma$s-2$\sigma$s




l $\delta 2+\delta$ 1 $\sigma s+\delta 2s+\sigma$s$2-\sigma$2$s$ 2$e^{-2v}\leq\delta$ 1 $\delta 2+\delta 1s+\delta 2s+s2$
$\leq(\delta_{1}+\delta_{2}+s)_{:}^{2}$
$\delta$ 1 $\delta 2+\delta$2$\sigma$s $+\delta 1s+\sigma$s$2-\sigma$2s $2_{e^{-2v}\leq\delta}$1 $\delta 2+\delta 2s+\delta$ls $+s2$
$\leq(\delta_{1}+\delta_{2}+s)2$
$\delta$ 1 $+\delta 2+S$ $+\sigma$s– 2$e^{-v}\sigma$s
$\overline{\delta_{1}\delta_{2}+\delta_{1}\sigma s+\delta_{2}s+\sigma s^{2}-\sigma}$2$s$ 2$e^{-}2v$
$= \frac{\delta_{1}+\delta_{2}+s+\sigma s-2e^{-v}\sigma s}{\sqrt{\delta_{1}\delta_{2}+\delta_{1}\sigma s+\delta_{2}s+\sigma s^{2}-\sigma^{2}s^{2}e^{-2v}}}\cdot\frac{1}{\sqrt{\delta_{1}\delta_{2}+\delta_{1}\sigma s+\delta_{2}s+\sigma s^{2}-\sigma^{2}s^{2}e^{-2v}}}$
$\geq\underline{\epsilon(\delta_{1}+\delta_{2}+s)}$
$\delta$ l $+\delta 2+s$
$\frac{1}{\sqrt{\delta_{1}\delta_{2}+\delta_{1}\sigma s+\delta_{2}s+\sigma s^{2}-\sigma^{2}s^{2}e^{-2v}}}$
$=$ $\frac{\epsilon}{\sqrt{\delta_{1}\delta_{2}+\delta_{1}\sigma s+\delta_{2}s+\sigma s^{2}-\sigma^{2}s^{2}e^{-2v}’}}$
$\frac{\delta_{1}+\delta_{2}+s+\sigma s-2e^{-v}\sigma s}{\delta_{1}\delta_{2}+\delta_{2}\sigma s+\delta_{1}s+\sigma s^{2}-\sigma^{2}s^{2}e^{-2v}}\geq\frac{\epsilon}{\sqrt{\delta_{1}\delta_{2}+\delta_{2}\sigma s+\delta_{1}s+\sigma s^{2}-\sigma^{2}s^{2}e^{-2v}}}$ .
$\Phi_{\delta_{1}\delta_{2}}(s, \sigma,- v;x)\leq(\frac{1}{X})^{r}\exp\{-\frac{\epsilon|x|^{2}}{2X}\}|_{X=}\delta_{12}+\delta_{1}\sigma s+\delta_{2}s+\sigma s^{2}-\sigma^{2}s^{2}\mathrm{c}^{2v}$
$+( \frac{1}{\mathrm{Y}})^{r}\exp\{-\frac{\epsilon|x|^{2}}{2\mathrm{Y}}\}|_{\mathrm{Y}=\sqrt{\delta_{1}\delta_{2}+\delta_{2}\sigma s+\delta_{1}s+\sigma s^{2}-\sigma^{2}s^{2}e^{-2v}}}$
$\leq\frac{2^{1+r}(re^{-1})^{r}}{\epsilon^{r}|x|^{2r}}$ $[_{\gamma_{\llcorner}\gamma\frac{e\backslash \backslash }{\llcorner}\text{ }t=0\text{ }\mathrm{F}\mathrm{h}(\frac{t}{e})^{t}=1\text{ }\grave{\grave{\text{ }}}B\text{ }\cdot]}^{_{\wedge}^{-a}\leq(\frac{t}{e})\frac{1}{\text{ }a^{t}},a>0,t[succeq] 0\text{ }\mathrm{B}^{\mathrm{a}\text{ }}}..t\forall\forall.$.
$\Phi$ (s, $\sigma$, $v$ ; $X$ ) $\leq\frac{2^{1+r}(re^{-1})^{r}}{\epsilon^{r}|x|^{2r}}$ .
Case 2.
$\delta 1+\delta 2+s$ $+\sigma s-2e-v\sigma s=\delta 1+\delta 2+s$ $+\sigma$s $+$ 2(1-e$-v$ ) $\sigma$s-2$\sigma$s








$\geq\delta$ 1 $+ \delta 2+s(1-\sigma)+2\frac{1-e^{-\eta}}{\eta}(1-\epsilon)$vs
$[$. $v| arrow\frac{1-e^{-v}}{v}$ decreasing ]
$= \delta 1+\delta 2+s(1-\sigma+2\frac{1-e^{-\eta}}{\eta}(1-\epsilon)v)$ ,
$\delta$ 1 $\delta 2+\delta$ 1Os $+\delta 2s+$ os$2-\sigma$2$s$ 2 $e^{-}2v$
$=\delta$ 1 $\delta 2+\delta$ 1 $\sigma s+\delta$2s $+ \sigma(1-\sigma)s^{2}+\frac{1-e^{-2v}}{2v}2v\sigma^{2}s^{2}$
$\{$
$\geq\delta$ l $\delta 2+\delta$ l $(1- \epsilon)s+\delta_{2}s+(1-\epsilon)(1-\sigma)s^{2}+\frac{1-e^{-2^{\eta}}}{2\eta}(1-\epsilon)^{2}2vs^{2}$
$\leq\delta$ l $\delta 2+\delta$1s $+\delta 2s+$ (1-(7)s$2+2v$s2,
$\delta_{1}\delta 2+\delta$2$\sigma s+\delta 1s+\sigma$s$2-\sigma$2$s$2 $e^{-}2v$
$\{$
$\geq\delta$ 1 $\delta 2+\delta$2 $(1-\epsilon)S+\delta$ lS $+$ $(1- \epsilon)(1-\sigma)s^{2}+\frac{1-e^{-2^{\eta}}}{2\eta}(1-\epsilon)^{2}2vs^{2}$




$\delta 1+\delta 2+s$ $+\sigma s-2e-v\sigma s\geq\delta 1+\delta 2+s(1 -\sigma+v),$
$\delta$




$\frac{1-\sigma+v}{4}(\delta+s)^{2}$ if $\delta_{1}=\delta_{2}=\delta$ ,
$\delta$ 1 $\delta 2+\delta 2os+\delta 1s+\sigma$s$2-\sigma 22-se2v\geq\{$
$\frac{1-\sigma+v}{2}\mathrm{s}$
2 if $\delta_{1}\delta 2=0$
$\frac{1-\sigma+v}{4}(\delta+s)^{2}$ if $\delta 1=\delta 2=\delta$ ,
$\frac{\delta_{1}+\delta_{2}+s+\sigma s-2e^{-v}\sigma s}{\underline\delta_{1}\delta_{2}+\delta_{1}\sigma s+\delta_{2}s+\sigma s^{2}-\sigma^{2}s^{2}e^{-2v}}\geq\frac{\delta_{1}+\delta_{2}+s(1-\sigma+v)}{\delta_{1}\delta_{2}+(\delta_{1}+\delta_{2})s+2s^{2}(1-\sigma+v)}$
$\mathrm{B}11-\epsilon\geq\frac{1-e^{-\eta}}{\eta}(1-\epsilon)[succeq]\frac{1-e^{-2^{\eta}}}{2\eta}(1-\epsilon)^{2}$ , $\frac{1-e^{-2^{\eta}}}{2^{\eta}}(1-\epsilon)^{2}>\frac{1}{2}$ $\iota\backslash$ .
2 $\{$
$\frac{1}{2_{S}}$ if $\delta_{1}\delta_{2}=0$
$\frac{1}{2(\delta+s)}$ if $\delta_{1}=\delta_{2}=$ ’,
$\delta 1+\delta 2+S$ $+\sigma s-2e^{-v}\sigma$ s
$\overline{\delta_{1}\delta_{2}+\delta_{2}\sigma s+\delta_{1}s+\sigma s^{2}-\sigma se22-2v}\geq\frac{\delta_{1}+\delta_{2}+s(1-\sigma+v)}{\delta_{1}\delta_{2}+(\delta_{1}+\delta_{2})_{S}+2_{S^{2}}(1-\sigma+v)}$
2 $\{$
$\frac{1}{2_{S}}$ if $\delta_{1}\delta_{2}=0$
$\frac{1}{2(\delta+S)}$ if $\delta_{1}=\delta_{2}=\delta$ .
$\delta_{1}\delta_{2}=0$
$\Phi_{\delta_{1}\delta_{2}}(s, \sigma, v;x)\leq 2(\frac{2}{1-\sigma+v}\frac{1}{S^{2}}$ ) $r/2 \exp\{-\frac{|x|^{2}}{4_{S}}\}$
$\leq\frac{2^{1+_{2(re)}^{\mathrm{s}_{r-1r}}}}{|X|^{2r}}(\frac{1}{1-\sigma+v})^{r/2}$ ;
$\delta_{1}=\delta 2=\delta$










$= \int_{0}^{\epsilon}$ d $\int_{0}^{\eta}e^{-v}v^{2\beta-1}(\frac{1}{\tau+v})^{r/2}dv$
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$= \int_{0}^{\eta}e^{-v}v^{2\beta-1}dv\int_{0}^{\epsilon}$ ( $\frac{1}{\tau+v}$) $r/2d\tau$
$= \int_{0}^{\eta}e$
-v $v^{2\beta-1}dv \int_{0}^{\mathit{8}/v}v^{-r/2+1}(\theta+1)^{-r/2}d\theta$
$[$. $\tau=v\theta$ $\text{ }]$
$= \int_{0}$
’




$( \theta+1)^{-r/2}d\theta=\log(\frac{\epsilon}{v}+1)=o(v^{-\kappa})$ as $v\downarrow 0,$ $\forall\kappa>$ O
, $\beta>\frac{1}{2}(\frac{r}{2}-1)$ $\kappa>0$ $2 \beta-\frac{r}{2}-\kappa+1>0$
, . $r\geq 3$
$\int_{0}’/v(\theta+1)^{-r/2}d\theta\leq\int_{0}^{\infty}(\theta+1)^{-r/2}d\theta=\frac{2}{r-2}<\infty$
, $2 \beta-\frac{r}{2}+1>0$ .
3 . $\blacksquare$
$X\in \mathbb{R}^{r}\backslash \{0\},$ $\alpha>\frac{r}{2}-1$ . 2 3
$E[( \int_{0}^{T}ds\frac{1}{\Gamma(\alpha/2)}\int_{0}^{\infty}e^{-t}t^{\alpha/2-1}p^{(r)}(s(1-e^{-2t}), x-e^{-t}w_{S})dt)^{2}]$




$= \int_{0}^{T}sds\int_{0}^{1}d\sigma\frac{1}{\Gamma(\alpha)}\int_{0}^{\infty}e$ -v $v^{\alpha-1}dv( \frac{1}{2\pi})^{\Gamma}$
$\mathrm{x}$ ($\Phi_{\mathit{8}\mathit{8}}(s, \sigma, v;x)-2\Phi_{\partial 0}(s, \sigma, v;x)+\Phi_{\mathrm{m}}(s, \sigma, v;x)$ ).
$\epsilon\downarrow 0$
$\Phi\epsilon$
’ $(s, \sigma, v;x)-2\Phi_{S0}(s, \sigma, v;x)+\Phi\alpha)(s, \sigma, v;x)arrow 0$ .
11
$0<$ $\epsilon\leq 1$






$arrow$ O as $\epsilon\downarrow 0.$










$1 \mathrm{i}\mathrm{m}\int_{0}^{T}\epsilon\downarrow 0\varphi\epsilon$ ($x$ -w$s$ ) $ds=L_{T}^{X}$ in $\mathfrak{D}_{2}^{-\alpha}$ .
$\varphi\epsilon$ (y) $:= \frac{1}{\epsilon^{r}}\varphi(\frac{y}{\epsilon})$ .
12
$|\varphi$ (y) $| \leq cp^{(r)}(\frac{1}{2\delta}, y)$ , $\forall y\in \mathbb{R}^{r}$ (2)
$c:=( \pi/\delta)^{r/2}\sup$ |\mbox{\boldmath $\varphi$}(y)e\mbox{\boldmath $\delta$}|y|2|[
$y\in \mathbb{R}^{r}$
$F_{\mathit{8}}(w):= \int_{0}^{T}\varphi$, $(x-w_{S})ds$
$T>0,$ $X\in \mathbb{R}^{\gamma}\backslash \{0\},$ $\epsilon$ \succ 0. 1
$(I-L)^{-\beta}F\epsilon(w)$
$= \int_{0}^{T}ds\frac{1}{\Gamma(\beta)}\int_{0}^{\infty}e^{-}tt\beta-1dt$ $\int_{\mathbb{R}^{r}}\varphi$,(y)$p^{(r)}(s(1-e^{-2t}), x-e^{-t}w_{s}-y)dy$ . (3)
(2)
$| \int_{\mathbb{R}^{r}}\varphi_{\mathit{8}}(y)p^{(r)}(s(1-e^{-2t}), x-e^{-t}w_{s}-y)dy|$
$\leq c\int_{\mathbb{R}^{r}}p^{(r)}(\frac{\epsilon^{2}}{2\delta}, y)p^{(r)}(s(1-e^{-2t}), x-e^{-t}w_{s}-y)dy$
$=cp^{(r)}( \frac{\epsilon^{2}}{2\delta}+s(1-e^{-2t}), x-e^{-t}w_{s})$ (4)
, $\beta>\frac{1}{2}(\frac{r}{2}- 1)$ .
$E[|(I-L)^{-\beta}F_{\epsilon}(w)- \int_{0}^{T}ds\frac{1}{\Gamma(\beta)}\int_{0}^{\infty}e^{-t}t^{\beta-1}p^{(r)}(s(1-e^{-2t}), x-e^{-t}w_{s})dt|^{2}]$
$arrow 0$ as $\epsilon\downarrow 0.$ (5)
(3) 2 , $E$ $ds,$ $dt$
:
$= \int_{0}^{T}\int_{0}^{T}dsds’\frac{1}{\Gamma(\beta)^{2}}\int_{0}^{\infty}\int_{0}^{\infty}e$ -t $t^{\beta-1}e^{-t’}(t’)^{\beta-1}dtdt’$
$\mathrm{x}E[\int_{\mathbb{R}^{r}}\varphi_{\mathit{8}}(y)p^{(r)}(s(1-e^{-2t}), x-e^{-t}w_{S}-y)dy$
$\int_{\mathbb{R}^{r}}\varphi_{\mathit{8}}(y)p^{(r)}(s’(1-e^{-2t’}), x-e^{-t}’ w_{s’}-y)dy]$







$\mathrm{x}E[p^{(r)}(s(1-e^{-2t}), x-e^{-t}w_{s})p^{(r)}(s’(1-e^{-2t}’), x-e^{-t’}w_{s’})]$ .
, $s,$ $s’\in(0, T),$ $t,$ $t’\in(0, \infty)$
$\lim_{\epsilon\downarrow 0}E[\int_{\mathbb{R}^{r}}\varphi_{\epsilon}(y)p^{(r)}(s(1-e^{-2t}), x-e^{-t}w_{s}-y)dy$
$\int_{\mathbb{R}^{r}}\varphi_{\mathit{8}}(y)p^{(r)}(s’(1-e^{-2t}’), x-e^{-t}’ w_{S’}-y)dy]$
$=, \lim_{\downarrow 0}E[\int_{\mathbb{R}^{r}}\varphi$,0)$p^{(r)}(s(1-e^{-2t}), x-e^{-t}w_{s}-y)dy$
$\mathrm{x}p^{(r)}(s’(1-e^{-2t’}), x-e^{-t}’ w_{s’})]$
$=E[p^{(r)}(s(1-e^{-2t}), x-e^{-t}w_{s})p^{(r)}(s’(1-e^{-2t’}), x-e^{-t}’ w_{s’})]$.
(4) 2
$|E[ \int_{\mathbb{R}^{r}}\varphi$,(y)$p^{(r)}(s(1-e^{-2t}), x-e^{-t}w_{s}-y)dy$
$\int_{\mathbb{R}^{r}}\varphi_{\epsilon}$ (y)$p^{(r)}(s’(1-e^{-2t’}), x-e^{-t}’ w_{S’}-y)dy]|$
$\leq c^{2}E[p^{(r)}(\frac{\epsilon^{2}}{2\delta}+s(1-e^{-2t}), x-e^{-t}w_{s})p^{(r)}(’\frac{2}{2\delta}+s’(1-e^{-2t’}), x-e^{-t}’ w_{s’})]$
$= \frac{c^{2}}{2}(\frac{1}{2\pi})^{r}\Phi$,$2$ ,’$2(s \vee s’, \frac{s\Lambda S’}{s\vee s’}, t+t_{j}’x)$
$\leq\frac{c^{2}}{2}(\frac{1}{2\pi})^{r}\Phi(s\vee s’,\frac{s\wedge s’}{s\vee s}, , t+t’;x)$,
$|E[ \int_{\mathbb{R}^{r}}\varphi$,(y)$p^{(r)}(s(1-e^{-2t}), x-e^{-t}w_{s}-y)dy$
$\lrcorner p^{(r)}(s’(1-e^{-2t’}), x-e^{-t’}w_{s’})]|$
$\leq cE[p^{(r)}(\frac{\epsilon^{2}}{2\delta}+s(1-e^{-2t}), x-e^{-t}w_{s})p^{(r)}(s’(1-e^{-2t’}), x-e^{-t}’ w_{s}’)]$
$\leq c(\frac{1}{2\pi})_{\mathfrak{B}}^{r_{\Phi_{\epsilon^{2}}}}$
,0
$(s \vee s’,\frac{ss’}{s\vee s’}, t+t’;x)$











$’$ ) $\beta-$1dtdt$’\Phi(s\vee s’, \neg_{s\mathrm{v}s}s\wedge s’, t+t’;x)$
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$= \frac{2}{\Gamma(2\beta)}\int_{0}^{T}sds\int_{0}^{1}d\sigma\int_{0}^{\infty}e^{-v}v^{2\beta-1}\Phi(s, \sigma, v;x)dv$
$<\infty$
, Lebesgue (5) . $\blacksquare$
1. $\varphi\in C_{0}^{\infty}(\mathbb{R}^{\Gamma})$ ’








$=2 \int_{0}^{T}sds\int_{0}^{1}$ do $\frac{1}{\Gamma(\alpha)}\int_{0}^{\infty}e^{-v}v^{\alpha-1}dv(\frac{1}{2\pi})^{\gamma}\frac{1}{s^{r}}(\frac{1-v}{\sigma(1-e\sigma}$))
$r/2$
$=\infty[$. $r$ \geq 2 ]. $\blacksquare$
Clain 2. $T>0,$ $X\in \mathbb{R}^{r}\backslash \{0\}$ .
$1\mathrm{i}\mathrm{m}|\epsilon\downarrow 0$ $|_{2,-(r/2-1)}=\infty$ .
15





























Claim 2 theorem :
Theorem ($p=2$ ). $T>0,$ $x\in \mathbb{R}^{r}\backslash \{0\}$
$L_{T}^{X}\in$ $\cap$ $\mathfrak{D}_{2:}^{-\alpha}$ but $\not\in$ ’l)2-(r/2-l).
$\alpha>$r/2-l
3. $p=1$
Claim 3. $T>0,$ $x\in \mathbb{R}^{r}\backslash [0$ } .
(i) $\beta>0$
$\epsilon,\epsilon’\downarrow 01\mathrm{i}\mathrm{m}||\int_{0}^{T}p^{(r)}(\epsilon, x-w_{S})ds-\int_{0}^{T}p^{(r)}(\epsilon’, x-w_{S})ds||_{1,-2\beta}=0$ .
(ii) $1 \mathrm{i}\mathrm{m}|\epsilon\downarrow 0|\int_{0}^{T}p^{(r)}(\epsilon, w_{S})ds||_{1}=\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$ .
1
$|| \int_{0}$
p$)( \epsilon, X-w_{s})ds-\int_{0}^{T}p^{(r)}(\epsilon’, x-w_{S})ds||_{1.-2\beta}$
$=||(I-L)^{-\beta} \int_{0}^{T}p^{(r)}(\epsilon, x-w_{S})ds-(I-L)^{-\beta}0Tp^{(r)}(\mathit{8}’, X-w_{S})ds||_{1}$





$X\in \mathbb{R}^{\Gamma}\backslash \{0\}$ , $0<\delta\leq 1$
$E[p^{(r)}(\delta+s(1-e^{-2t}), x-e^{-t}w_{s})]$
$= \int_{\mathbb{R}^{r}}p^{(r)}(\delta+s(1-e^{-2t}), x-e^{-t}y)p^{(r)}(s, y)dy$
$=(e^{2t})^{r/2} \int_{\mathbb{R}^{r}}p^{(r)}(e^{2t}\delta+s(e^{2t}-1), e^{t}x-y)p^{(r)}(s, y)dy$
$=(e^{2t})^{r/2}p^{(r)}(e^{2t}\delta+se^{2t}, e^{t}x)$
$=( \frac{1}{2\pi(\delta+s)})^{r/2}\exp\{-\frac{|x|^{2}}{2(\delta+s)}\}$
$\leq(\frac{r}{2\pi e}$) $r/2 \frac{1}{|x|^{r}}$ .
Lebesgue (i) 2 .
(ii) ,
$|| \int_{0}^{T}p^{(r)}(\epsilon, w_{S})ds||_{1}=\int_{0}^{T}E[p^{(r)}(\epsilon, w_{S})]ds$
$= \int_{0}^{T}(\frac{1}{2\pi(\epsilon+s)})^{\Gamma/2}d_{S\infty\vec{\epsilon\downarrow 0}}$ . $\blacksquare$
claim :
Theorem ($p=1$ ). $T>0,$ $x\in \mathbb{R}^{r}\backslash \{0$]
$L_{T}^{X}\in\cap$ 9-1“.
$\alpha>0$
2. $p=2$ LXT\not\in D0l $=\ovalbox{\tt\small REJECT}_{1}$ , i.e.,
$\epsilon,\epsilon’\downarrow 01\mathrm{i}\mathrm{m}||\int_{0}^{T}p^{(r)}(\epsilon$ , X-w ds- $\int$0T $p^{(r)}(\epsilon’, x-w_{S})ds||_{1}\neq 0$
, . ( $g_{1}$ Ll-
4. $1<p<2$
Claim 4. $T>0,$ $\chi\in \mathbb{R}^{r}\backslash \{0$ ) . $1<$ $p<2$ , $\forall\gamma>(1-\frac{1}{p})(\frac{r}{2}-1)$
$\epsilon,\epsilon’\downarrow 01\mathrm{i}\mathrm{m}||\int_{0}^{T}p^{(r)}(\epsilon, x-w_{S})ds-0Tp^{(r)}(\epsilon’, x-w_{s})ds||_{p,-2_{Y}}=0$.
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claim , :
4. $1\leq p1<p2<p3<\infty,$ $\alpha$ , $\beta>0$ . $F$ : $Warrow[0, \infty)$ Borel
.
$||$ ( $I$ -L)-( “‘pp3 $\beta$) $F|\ovalbox{\tt\small REJECT}$
$\leq\frac{\Gamma(\alpha)^{\overline{p}_{3^{-}}p_{1}^{2}p_{2}}\Gamma(\beta)^{p_{3}-P1P2}parrow-p\lrcorner P\not\simeq\simeq^{-P\lrcorner\lrcorner P}}{\mathrm{r}_{(_{p_{3}-p_{1}p^{\frac{1}{2}\alpha+}p3^{-}p_{1}^{1}p}^{R\mathrm{i}^{-}\infty R\infty^{-Lp_{\frac{3}{2}\beta)}}}}}||(I-L)^{-\alpha_{F||_{p1}^{\overline{p}_{3}-p_{1}p2}||(I-L)^{-\beta_{F||p3}-p1P2}}^{F[perp]^{-}p\lrcorner}}\lrcorner pppp\overline{p}_{3}^{L^{-}\lrcorner}$ .
$(I-L)^{-\kappa}F= \frac{1}{\Gamma(\kappa)}\int_{0}^{\infty}e^{-t}t^{\kappa-1}T_{t}Fdt$ , $\kappa>0$
[0, oo]- Borel , [0, oo]- Borel $G$



















$P’:= \frac{p_{3}-p_{1}}{p_{3}-p_{2}}$ $Q’:= \frac{p_{3}-p_{1}}{p_{2}-p_{1}}$
$\frac{p_{2}P’}{P}=p_{1},$ $\frac{p_{2}Q’}{Q}=p_{3}$
, . $\blacksquare$
Clain 4 $T>0,$ $\chi\in \mathbb{R}^{r}\backslash \{0\}$ . $0<$ $\epsilon\leq 1$
$F_{\epsilon}:=0^{p^{(r)}}T(\epsilon, x-ws)$ds




$\sup||$(I-L) $-\beta F\epsilon||2<$ oo, $\forall\beta>\frac{1}{2}(\frac{r}{2}-1)$ .
$0<\epsilon\leq 1$
Claim 3
$\sup||$(I-L)’ $F_{\partial}||1<$ oo, $\forall\alpha>0$
$0<\epsilon\leq 1$
$\sup_{0<\epsilon\leq 1}||(I-L)^{-(_{qq}^{\underline{2}-\Delta_{\alpha+}\lrcorner 2\mathrm{g}\lrcorner-1}\beta})$ff$\epsilon||q<$ oo, $1<q<2\forall$ ,
$\forall\alpha>0,$
$\forall_{\beta>\frac{1}{2}(\frac{r}{2}-1)}$ .
$1<p<2,$ $\gamma>(1-\frac{1}{p})(\frac{r}{2}- 1)$ . $q[searrow] p$ $(1- \frac{1}{q})(\frac{r}{2}-1)[searrow]$
$(1- \frac{1}{p})(\frac{r}{2}- 1)$
$1<p<\exists q<2\mathrm{s}$ .t. $\gamma>(1-\frac{1}{q})(\frac{r}{2}- 1)$ .
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$\alpha[searrow] 0,$ $\beta[searrow]\frac{1}{2}(\frac{r}{2}-1)$ $\mathrm{r}_{q}2-\alpha+\underline{2}(L^{-1}\underline{)}q\beta[searrow](1-\frac{1}{q})(\frac{r}{2}-1)$
$\exists_{\alpha>}0,$ $\exists_{\beta>\frac{1}{2}(\frac{r}{2}-1)}\mathrm{s}.\mathrm{t}$ . $\gamma=\alpha+\beta\underline{2-}4\underline{2}(A^{-}\underline{1)}$ .
$q$ $q$
$\sup_{0<\epsilon\leq 1}||$
(I-L) $-\gamma F_{\epsilon}||_{q}<\infty$ (6)
. Claim 3
$\epsilon,\epsilon’\downarrow 01\mathrm{i}\mathrm{m}|$1 $(I-L)^{-Y}F_{\mathit{8}}-(I-L)^{-Y}F_{\mathcal{E}},||1=0$ (7)
$\mathrm{t}(6)$ $\{(I-L)^{-\gamma}F_{\epsilon}\}_{0<\epsilon\leq 1}$ $L_{q}$ - , (7) $\epsilon\downarrow 0$
$(I-L)^{-\gamma}F$
\epsilon
$L_{1}$ - . $(I-L)^{-\gamma}F$\epsilon $L_{p}$ - .
Claim4 . $\blacksquare$
Claim 4 :
Theorem ($1<p<2$ ). $T>0,$ $x\in \mathbb{R}^{r}\backslash \{0\}$
$L_{T}^{X}\in$ $\cap$ $\mathfrak{D}_{\overline{p}}^{\alpha}$ .
$\alpha>$ (1-1/p)(r–2)
3. open : $1<p<2$
$1 \mathrm{i}\mathrm{m}|8\downarrow 0|\int_{0}^{T}p^{(r)}(\epsilon, x-w_{S})ds||_{p,-(1-1/p)(r-2)}=\infty$.
5. $p>2$
Claim 5. $2<p<\infty$ . $T>0,$ $x\in \mathbb{R}^{r}\backslash \{0\}$
(i) $r=2$
$1\epsilon.\downarrow$B $|| \int_{0}^{T}p^{(r)}(\epsilon, x-w_{S})ds||_{P}=\infty$ .
(ii) $r\geq 3$
$1 \mathrm{i}\mathrm{m}|\mathit{8}\downarrow 0|\int_{0}^{T}p^{(r)}(\epsilon, x-w_{S})ds||_{p,-\alpha}=\infty$ , $0< \forall\alpha<(1-\frac{1}{p})(r-2)$ .
Claim 5 $r=2$ . H\"older Claim 2
$||$1$Tp^{(r)}(\epsilon, x-w_{s})ds||_{p}\geq||4^{T}p^{(r)}(\epsilon, x-w_{s})ds||_{2}$
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$arrow$ (X)as $\epsilon\downarrow 0.$













$arrow\infty$ $[$. $\mathrm{C}$laim2 ],
$|| \int_{0}^{T}p^{(r)}(\epsilon, x-w_{S})ds||_{1}arrow$ $0T( \frac{1}{2\pi}$s)r/2e-Ex|2/ ds
$1 \dot{\mathrm{m}}_{0}|\epsilon\downarrow|\int_{0}^{T}p^{(r)}(\epsilon, x-w_{S})ds||_{p,-2\beta}=\infty$ . $\blacksquare$
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Claim 6. $T>0,$ $\chi\in \mathbb{R}^{\gamma}\backslash \{0\}$ . $p\in \mathbb{N},$ $\beta>\frac{1}{2}(1-\frac{1}{p})(r-2)$
$\sup_{0<\epsilon_{-}\leq_{-}1}||(I-L)^{-\beta}\int_{0}^{T}p^{(r)}(\epsilon, x-w_{S})ds||_{p}<\infty$ .
$r\geq 3,$ $p\in \mathbb{N}\cap[2,0)$ , CIaim 6 $\ovalbox{\tt\small REJECT}$
Claim 7. $r\geq 3,$ $T$ >0, $X\in \mathbb{R}^{r}\backslash \{0\}$ . , $k\in \mathbb{N}\cap[2, 0),$ $\beta$ >0
$\sup_{0<\epsilon<1}||$
$(I -L)^{-\beta} \int_{0}^{T}p^{(r)}(\epsilon, x-w_{S})ds||_{k}<$ OO
, $\beta>\frac{1}{2}(1-\frac{1}{k})(r-2)$ .
, Claim 6 7 ,
( ) , ( , [31
. , Claim 6 36 , Claim 7
6 ).





$L_{T}^{X}\in$ J$\overline{p}$” $\Leftrightarrow\emptyset+\alpha>0$ .






$\forall$a $<$ ( $1-$ p) $(r-2)$ .
(i) 2





$(-\vec{}\text{ ^{}\backslash }arrow\ovalbox{\tt\small REJECT}\backslash \text{ }f’’\text{ }$
$F_{\mathcal{E}}= \int_{0}^{T}p^{(r)}(\epsilon, x-w_{S})ds$
$\text{ }$ . Claim 6 $\text{ }\alpha>\frac{1}{2}(1-\frac{1}{k})(r-2),$ $\beta>\frac{1}{2}(1-\frac{1}{k+1})(r-2)\text{ }l\mathrm{h}$
$\sup_{0<\epsilon\leq 1}||(I-L)^{-(\pm_{q}X_{k\alpha+\frac{-k}{q}(k+1)\beta)_{F_{\mathit{8}}||_{q}}}}k1-q<\infty$
$\text{ }\gamma_{\mathrm{f}}\text{ }$ . $\text{ _{}\llcorner}^{}\text{ }T^{\backslash }$
$\{^{k1}\pm_{q}\mathrm{B}_{k\alpha+\frac{-k}{q}(k+1)\beta;\alpha>\frac{1}{2}(1-\frac{1}{k})(r-2),\beta>}q\frac{1}{2}(1-\frac{1}{k+1})(r-2)\}$
$=( \frac{1}{2}(1-\frac{1}{q})(r-2),$ $\infty)$
$T^{\backslash } \text{ }\mathrm{B}\backslash \text{ _{}*}\forall\gamma>\frac{1}{2}(1-\frac{1}{q})(r-2)l_{\mathrm{L}}^{-\text{ }}$
$\sup||(I-L)^{-\gamma}F\epsilon||q<\infty$ .
$0<\epsilon\leq 1$
$\underline{2^{\mathrm{O}}}1\leq p<\infty,$ $\gamma>\frac{1}{2}(1-\frac{1}{p})(r-2)\text{ }$ .
$q[searrow] p1 \mathrm{i}\mathrm{m}\downarrow(1-\frac{1}{q})(r-2)=(1-\frac{1}{p})(r-2)$
$p<\exists_{q}<\infty \mathrm{s}.\mathrm{t}$ . $\gamma>\frac{1}{2}(1-\frac{1}{q})(r-2)$ .
Claim 6 $1^{\mathrm{Q}}$
$\sup_{0<\epsilon<1}||(I -L)^{-\gamma}F\epsilon||q<\infty$ .
$-\hslash,$ Clain 3 A $\text{ }$
$||$ $(I-L)^{-\gamma}F_{\epsilon}-(I-L)^{-\gamma}F_{\epsilon},||$ $1arrow 0$ as $\epsilon,$ $\epsilon’\downarrow 0$
,
lin $||(I -L)^{-\gamma}F_{\mathcal{E}}-(I-L)^{-\gamma}F\epsilon’||p=0$ .
$\mathit{8},\mathit{8}’\downarrow 0$
(\"u) $”\Leftarrow$ ” (i) , $”\Rightarrow$ ” Claim $5(\mathrm{i})$ .
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(ffi) $”\Leftarrow$ ” (i) . $”\Rightarrow$ ” Claim 7 :











(iv) Claim $5(\mathrm{i}\mathrm{i})$ .
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